Published by Institute of Physics Publishing for SISSA/ISAS Received: March 2, 2004 Accepted: April 7, 2004

Two-dimensional superstrings and the supersymmetric matrix model

John McGreevy, Sameer Murthy and Herman Verlinde

Department of Physics, Princeton University Princeton, NJ 08544, U.S.A.

E-mail: mcgreevy@stanford.edu, smurthy@phoenix.princeton.edu,

verlinde@feynman.princeton.edu

Abstract: We present evidence that the supersymmetric matrix model of Marinari and Parisi represents the world-line theory of N unstable D-particles in type II superstring theory in two dimensions. This identification suggests that the matrix model gives a holographic description of superstrings in a two-dimensional black hole geometry.

Keywords: Matrix Models, Tachyon Condensation, D-branes.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep042004015 /jhep042004015 .pdf

Contents

1. Introduction 1

2. The Marinari-Parisi model 2

3. Two-dimensional superstrings 3

4. Dual correspondence 5

5. Concluding remarks 9

A. The gauged Marinari-Parisi model 10

B. Boundary states for N = 2 Liouville 11

1. Introduction

Matrix models provide an elegant and powerful formalism for describing low-dimensional string theories. Recently, it was proposed that the large N matrix variables can be viewed as the modes of N unstable D-particles in the corresponding string theory, in a decoupling limit [1, 2]. This proposal reinterprets the matrix-model/string-theory correspondence as a holographic open-string/closed-string duality, and suggests a search algorithm for more examples. It has been clarified [3]–[6] and very recently extended to type 0 strings [7, 8]. In this note, we apply this perspective to shed some new light on the physical identification of the supersymmetric matrix model of Marinari and Parisi [9].

The paper is organized as follows. We begin by recollecting the basic features of the Marinari-Parisi model and its proposed continuum limit. In section 3, we review some of the target space properties of 2-d superstring theory. In section 4 we collect a list of correspondences between the two theories. Most notably, we find that the open string spectrum on unstable D-particles of the 2-d string theory is that of (a minor improvement of) the MP model, expanded around the maximum of its potential. We also make a direct comparison between the vacuum structure and instantons of both models. We end with some concluding remarks and open problems. Some technical discussions are sequestered to appendices A and B.

– 1 –

2. The Marinari-Parisi model

The Marinari-Parisi model is the quantum mechanics of an N × N hermitean matrix in a one-dimensional superspace

Φ(τ, θ, θ) = M(τ) + θΨ(τ) + Ψ(τ)θ + θθF (τ) . (2.1)

The action is S = −N ∫ dτ dθ dθ Tr { 1 2 DΦDΦ + W_0(Φ) } , (2.2)

where D, D are superspace derivatives. We can choose a cubic superpotential

W_0(Φ) = 1 2 Φ^2 − 1 3 λ^2Φ^3 . (2.3)

The Feynman graph expansion for the model generates a discretization of random surfaces in superspace. Related work on supersymmetric matrix models includes [10]–[20] The model we will discuss is actually a slight modification of the original MP model.

We will take the derivatives appearing in (2.2) to be covariant with respect to gauge transformations which are local in superspace; their form is described in appendix A. In the case of the c = 1 matrix model, its identification with the worldline theory of D-particles made clear that the U(N) conjugation symmetry of the matrix model should be gauged. As we will see, the same correspondence in our case suggests that we should introduce a superfield gauge symmetry in the model (2.2), which naturally effects the truncation to singlet states [12].

The model with superpotential (2.3) has two classical supersymmetric extrema W^′_0(Φ) = 0. These are minima of the bosonic potential V (M) = M^2(1 − λ^2M)^2. In addition, V has an unstable critical point at M_c = 1/2λ^2. The quadratic form of the action, when expanded near this non-supersymmetric critical point is (defining Y = M − M_c) S = −N ∫ dτ Tr { 1 2 (D_τ Y )^2 + ΨD_τ Ψ + 1 2 λ^2Y^2 − 1 16λ^2 } . (2.4)

In the following we will argue that this action can be viewed as that of N unstable D-particles, localized in the strong coupling/curvature region of the 2d string theory background.

In the MP model, the fermi level is not an independent parameter, in that it is determined by the form of the potential [12]. Critical behavior arises instead in this model through a singularity in the norm of the ground-state wavefunction [12]. We will discuss the ground states of the matrix model further in section 4, but for now it suffices to study an exemplary one, |f_0⟩, whose norm is given by

e^F ≡ |f_0|^2 = ∫ ∏ i dz_i ∏ i<j (z_i − z_j )^2 e^{−2W0(z)} ; (2.5)

this is a c < 1 matrix integral. For odd W_0, there is an irrelevant divergence at large |z| which we simply cut off. A critical limit arises by tuning the potential W_0 to the m = 2 pure-gravity critical point of [21], near which the tree-level free energy is F ∝ κ^{−2}, with κ^{−1} = (λ − λ_c)^{5/4}N providing the string coupling.

– 2 –

This limit naively gives a supersymmetric sigma model on 1d superspace (τ, θ, θ) coupled to 2d Liouville supergravity. In [22], however, the following argument was presented against such a description of the continuum limit: the matter part of the action is necessarily interacting, and has a one-loop beta function predicting that the coupling grows in the IR and that the matter fields become disordered. This would seem to indicate that the superspace coordinates (τ, θ, θ) become massive, and that spacetime does not survive in the critical theory. We consider this conclusion premature. The reasoning assumes that the matter theory and the worldsheet gravity are coupled only via the gauge constraints. This is not the case for the supersymmetric string in two dimensions [23].

3. Two-dimensional superstrings

To formulate 2d superstring theory, one starts from N = 2 Liouville theory [24] and then performs a consistent GSO projection to obtain a string theory with target space supersymmetry [23, 25]. Unlike bosonic and N = 1 supersymmetric Liouville theory, the time direction τ is involved in the N = 2 supersymmetry algebra, and it is involved in the N = 2 Liouville interaction as well:

L^{SL}_{int} = ψ ~ψ e^{− 12 (ρ+~ρ+i(τ −~τ ))} + c.c. (3.1)

with ψ = ψ_ρ + iψ_τ .

Interestingly, N = 2 Liouville theory has been shown [26] to be dual to superstrings propagating inside the 2d black hole defined by the supercoset SL(2, R)/ U(1) [27]. The semiclassical background is

ds^2 = dρ^2 + tanh^2 ρdτ^2 , τ ≡ τ + 2π ;

Φ = Φ_0 − log cosh ρ , (3.2)

with g_s = e^Φ.^1 This explicitly shows that in the infrared region of small e^ρ, the τ direction degenerates. The dependence of the string background on ρ can be attributed to a gravitational dressing of the operators. This does however not preclude the existence of a two-dimensional continuum description (c.f. the above discussion of the scaling of the MP matrix model).

We now summarize a few properties of the target space theory. A good starting point is the worldsheet description of the euclidean theory, the fermionic cigar at the free-fermion radius [25]. The string worldsheet theory on the cigar has three conserved currents: the left-moving and right-moving chiral currents J and ~J, with J = −ψψ + i2∂τ ≡ i∂(H + 2τ) , (3.3) and a non-chiral current whose integral charge P_τ is the quantized euclidean energy, i.e. the discrete momentum around the cigar. The chiral projection that defines the type II theories is the condition that physical operators should have a local OPE with the spectral

1Type IIB string theory based on this CFT is also equivalent, via a more trivial T-duality, to type IIA string theory on the circle of the inverse radius, with (3.1) replaced by the corresponding momentum condensate.

– 3 – flow operators, which in type IIB string theory takes the form

S = e^{− 12 φ+ i2 (H+2τ )} ~S = e^{− 12 ~φ+ i2 ( ~H+2~τ )} (3.4)

(here φ denotes the bosonized superghost current). Since the U(1) R current of the N = 2 algebra involves the compact boson τ in addition to the worldsheet fermions, the symmetry generator P_τ is an R symmetry (here S = ∫ dz S is the supercharge)

[P_τ , S] = 1 2 S [P_τ , ~S] = 1 2 ~S . (3.5)

States in a given supersymmetry multiplet therefore do not all have the same energy. The perturbative closed string spectrum in the euclidean IIB string theory consists [25] of an NSNS (non-tachyonic) tachyon with odd winding modes, a left-moving periodic RR scalar (the self-dual axion), and a right moving complex fermion Υ with half-integer momenta. This is the expected behaviour for spinors which are single valued on the cigar. Therefore, in the compact theory, a rotation τ → τ + 2π acts on the spacetime fields as e^{2πiPτ} = (−1)^{Fs} , where F_s is the target-space fermion number. There is another Z_2 symmetry (−1)^{FL} which acts by χ → −χ , Υ → Υ . (3.6) The N = 2 Liouville which has primarily been considered in the literature has a euclidean time direction. On the other hand, matrix quantum mechanics is most easily described in a real-time hamiltonian language. It will therefore be convenient for us to hypothesize a consistent analytic continuation of this theory. However, this analytic continuation needs to be understood better. Translating to a minkowskian spectrum, we find a left-moving scalar χ and a complex right-moving fermion Υ. In addition to these propagating degrees of freedom, there are also discrete physical states at special energies.

D-Instantons and flux sectors. The physics of the RR axion is closely linked to that of D-instantons. Two-dimensional IIB string theory, however, has some special features. First, the axion is a self-dual middle-rank form; it couples both electrically and magnetically to the D-instanton. One important implication of this is that the axion itself does not have a well-defined constant zeromode. Secondly, unlike the 10d case, where the BPS D-instanton breaks sixteen supercharges and thus carries an even number of fermion zeromodes, it seems that the 2d D-instanton only breaks one supersymmetry and therefore carries only one fermion zeromode. It thus interpolates between sectors with opposite fermion parity. A preliminary study of the D-instanton boundary state in appendix B bears this out.

At this point it is natural to introduce the right-moving scalar field U via bosonization Υ = e^{iU} . In this bosonized language, the entire field-theoretic spectrum of 2d type IIB can thus be reassembled into a single non-chiral scalar field ϕ = ϕ_L + ϕ_R with

ϕ_L = χ , ϕ_R = U . (3.7)

– 4 –

Since ϕ_R = U is periodic with the free-fermion radius, it is natural to suspect that the axion ϕ_L = χ is periodic with the free-fermion radius as well.^2 Note that (−1)^{FL} as defined above acts by (−1)^{FL} : ϕ → −ϕ.

The fact that the D-instanton has only one fermion zero mode means the operator that creates it carries fermion number 1. This indicates that ∮ γ ∂U = 1, where γ is a contour containing the instanton. Further, from the coupling of the D-instanton to the RR axion, we expect that in the presence of a D-instanton ∮ γ ∂χ = 1. A natural candidate for the effective operator with the right properties to create a D-instanton at the space-time location x is then e^{iϕ(x)} = e^{i(χ(x)+U(x))} . (3.8) Instantons are tunnelling events that interpolate between perturbative sectors. These sectors are characterized by an integer flux (here Σ denotes a space-filling contour): ∫ Σ ∂_0ϕ = k k ∈ Z , (3.9)

which is the quantized momentum dual to the constant zero mode ϕ_0 of ϕ (ϕ_0 is periodic with period 2π). The integer k can be thought of as a slight generalization of the “s-charge” of [29].^3

4. Dual correspondence

We will now try match the physics of the Marinari-Parisi matrix model with that of the two-dimensional type IIB string theory. Following the logic of [1, 3] we start by examining the open string spectrum of the unstable D-particles.

D-particles. In type II string theory, the boundary state for an unstable Dp-brane has the form [31]–[34] |D̂p⟩ = |B, NSNS; +⟩ − |B, NSNS; −⟩ . (4.1) Here |B, NSNS; η⟩ denotes a boundary state in the NSNS sector, satisfying (G_r − iηG̃_r) |B; η⟩ = 0; G = G^+ + G^− is the gauged worldsheet supercurrent. The boundary state describing an unstable brane with unperturbed tachyon contains no term built on Ramond primaries. Experience with less supersymmetric Liouville models suggests that branes localized in the Liouville direction correspond to boundary states associated with the Liouville vacuum state, which we will call |B_0; η⟩. The defining property of these states is that the corresponding bosonic open string spectrum (of NS-sector open strings for which both end-points satisfy this specific boundary condition) have support only at Liouville momentum P = −i, corresponding to the identity Liouville state.

Details regarding these boundary states appear in appendix B. Using the general formula (4.1), the basic unstable D0-brane of type IIB is represented by the boundary state |D̂0⟩ = |B_0; +⟩ − |B_0; −⟩. Study of the annulus amplitude for this D-brane, detailed

2This claim can be verified (or refuted) by computing the axion charge carried by a D-instanton [28], or the axion flux produced by a decaying D-brane, along the lines of [3, 8].

3Since ∂+ϕ = ∂+χ, sectors with nonzero pL are backgrounds in which flux quanta of the RR axion are turned on. Backgrounds of two-dimensional type IIA strings with RR flux were described in [30].

– 5 – in appendix B, reveals that the open string spectrum on this brane is precisely that of the Marinari-Parisi model, expanded as in (2.4), including the gauge supermultiplet. This correspondence is the first strong indication that the MP model describes the type IIB non-critical string theory.

Symmetry considerations. There are two prominent continuous symmetries of the MP model: there is the conserved energy H, and there is the overall fermion number F̂ ≡ ∑_i ψ^†_i ψ_i. In the Hilbert space of the MP model, the quantum number F takes N different values, for which we take the CP-invariant choice −N/2, . . . , N/2. We would like to identify (−1)^{Fs} of the target space theory with (−1)^F of the MP model. Further, as in the bosonic and type 0 cases, we identify the hamiltonians of the systems H = P_τ . The matrix model can also have a Z_2 R-symmetry. Its interpretation can be understood as follows. Due to the coupling between the D-brane worldvolume fields and the closed strings, the worldvolume fields transform under (−1)^{FL} . (−1)^{FL} acts by [32, 35] Y ↔ −Y , ψ ↔ ψ^† . (4.2) We will see below that this is consistent with Υ ↔ Υ^†. Therefore (−1)^{FL} acts as an R-symmetry in the matrix quantum mechanics: it acts on the superspace coordinates as (−1)^{FL} : θ ↔ θ. In order for this to be a symmetry of the worldline action, W_0 must be an odd function of Y . This implies that supersymmetry is broken, since then none of the standard [36] candidate supersymmetric ground states e^{±W} |0⟩ is normalizible.

Spectrum and c = 1 scaling. In [12], it was shown that the supercharges act within the space of super matrix eigenvalues as Q = ∑ k ψ^†_k ( 1 N ∂ ∂z_k + ∂W_{eff} (z) ∂z_k ) , Q^† = ∑ k ψ_k ( 1 N ∂ ∂z_k − ∂W_{eff} (z) ∂z_k ) , (4.3)

where W_{eff} (z) = ∑ k W_0(z_k) − 1 N ∑ k<l log(z_k − z_l) . (4.4)

These supercharges exactly coincide [37] with those of the supersymmetric Calogero-Moser model [38, 39]. The corresponding hamiltonian reads H = N∑ i=1 ( 1 2 p^2_i + V (z_i) + 2 N W^{′′}_0 (z_i)ψ^†_i ψ_i ) + 1 N^2 ∑ i<j 1 − κ_{ij} (z_i − z_j )^2

, (4.5)

where with p_i =^{−i}_N^∂_{∂zi} and κ_{ij} = 1 − (ψ_i − ψ_j)(ψ^†_i − ψ^†_j ) is the fermionic exchange operator [39]; it assigns fermi-statistics to the spin-down eigenvalues, and bose-statistics to the spin-up ones (here we are using the terminology of appendix A). The potential reads [12]

V (z) = 1 2 ( W^′_0(z)

)_2 − W^{′′}_0(z) , (4.6)

– 6 – where we used that for a cubic superpotential W_0 one has ∑ i<j W^′_0(z_i)−W^′_0(z_j ) z_i−z_j = (N − 1) × ∑ i W^{′′}_0(z_i). We see that the hamiltonian describes a system of interacting eigenvalues. The interaction is such that eigenvalues always repel each other: it represents a 2/r^2 repulsion between the boson states with κ_{ij} = −1, and although it vanishes between two fermionic states with κ_{ij} = 1, such particles still avoid each other since their wavefunctions are antisymmetric.

In the case all the eigenvalues have spin down, so that all κ_{ij} = 1, the hamiltonian reduces to a decoupled set of one-particle hamiltonians. It is easy to write the ground state wave function in this case. Let us introduce the notation Δ(i_1, ..i_k) = ∏ i<j∈(i_1,..i_k)(zij ), the vandermonde of the k variables {z_{ik} } (here z_{ij} = z_i − z_j ). In this notation: |f_0⟩ ≡ f_0|↓↓ · · · ↓⟩ = e^{Tr W0} Δ(1, 2..n)|↓↓ · · · ↓⟩ . (4.7) This vacuum state represents the filled Fermi sea of the first N energy levels. In the harmonic potential, this is a supersymmetric ground state. In the cubic potential, there is a corresponding ground state in each well, only one of which is perturbatively supersymmetric.

In the sectors with non-zero fermion number, there are no normalizable supersymmetric ground states, even for the harmonic well. In this case, one can show that the groundstate eigenfunction in the fermion number k sector is: |f_k⟩ = ∑ i_1<i_2<···<i_k Δ(i_1, . . . , i_k) k∏ m=1 ψ^†_{im} |f_0⟩ . (4.8)

This wavefunction obeys the right statistics imposed by gauge invariance. From the expression (4.8) we can read off that the energy levels of the spin up eigenvalues are double spaced relative to that between spin down states [40]. Now let us discuss the system with a cubic superpotential. The state f_0 is a perturbatively supersymmetric state, with a filled fermi sea in the left well. It turns out that the fermi level exactly coincides with the bottom of the second well, as indicated on the left of figure 1. Although the super-Calogero-Moser model with a cubic potential has no known exact treatment, it seems reasonable to assume that the super-eigenvalues in each of the two potential wells behave qualitatively similar as for the single harmonic potential. This suggests that in the sector with k up-spins, the ground state is well-approximated by taking the single particle energy spectrum, and fill the first N − k levels with the fermionic eigenvalues, and all levels N − k + 2m with m = 1, . . . , k up to the N + k-th energy level. When k gets large enough, this N + k-th energy level starts approaching the unstable maximum of the potential, as indicated on the right of figure 1. Here we expect to find c = 1 critical behavior. Our proposal is that the double scaled eigenvalue dynamics near this unstable maximum encodes the scattering non-perturbative physics of non-critical IIB strings.

Matrix model instantons. Single-eigenvalue tunneling events in the matrix model interpolate between the sectors with different number of up-spins: they relate the adjacent ground states |f_k⟩ and |f_{k+1}⟩. Note that these sectors have opposite parity of fermion

– 7 –

Figure 1: The approximate probe superpotential, superpotential and bosonic potential of the f_0 state. The fermi level of the perturbatively supersymmetric ground state f_0 coincides with the minimum of the right well (left). The ground state in the sector with k spin up eigenvalues fills up to the N + k-th energy level, which in the double scaling limit approaches the unstable maximum (right).

number. The probe super-eigenvalue Z moves in the mean-field superpotential

W_{probe}(Z) = W_0(Z) − 1 2 ∑ i ln(Z − X_i) . (4.9)

There exists [12] a BPS tunneling trajectory:

0 = δψ = ż_{cl} − W^′_{probe}(z_{cl}) . (4.10)

This trajectory breaks just one supersymmetry, and thus supports a single fermion zero mode.

We propose to identify the vacuum of the matrix model with fermion number k with the string theory vacuum with k units of flux, as defined in section 3. This identification is directly supported by the interpretation of the MP matrix model as the worldline theory of the unstable branes and of the D-instantons with the tunnelling trajectories of the worldline tachyon field Y . Recall that an unstable type II Dp-brane couples to the RR p-form potential C_{(p)} via the gradient of its tachyon according to ∫ C_{(p)} ∧ dW(Y ) [33] and [41]–[43] with V (Y ) =^∂_{∂Y} W(Y ) [44]. For the unstable D-particle, this takes the form

S_{D̂0} ⊃ ∫ χ dY dt V (Y ) dt . (4.11)

Combined with our proposal, this coupling implies that the tunnelling trajectory sources the RR axion. It can therefore be identified with a D-instanton, further vindicating the prescient analysis of [45].

– 8 –

5. Concluding remarks

We have collected evidence supporting the conjecture that the supersymmetric matrix model of Marinari and Parisi can be identified with the matrix mechanics of N unstable Dparticles in two-dimensional IIB string theory. This suggests that in a suitable double scaling limit, the MP model, when viewed from this perspective, provides a non-perturbative definition of the string theory. The two systems on both sides of the conjectured duality, however, clearly need further study. We end with some concluding comments.

Space-time fields. An important open problem is the proper identification of the spacetime fields in the MP model. It is reasonable to expect that, as for the c = 1 [46] and ĉ = 1 cases, the spacetime fields arise from the matrix model via the collective fields for the eigenvalue density. Possibly the supersymmetric collective field theory of [47] and [13]–[15] is the correct framework, though it seems that some Z_2 projection may be needed, since the target space boson χ and fermions Υ are chiral with opposite chirality. If Υ is linear in the fermionic component of the eigenvalue density (e.g. a Laplace transform of it), then the matrix model action of (−1)^{FL} : ψ ↔ ψ, is consistent with the action on closed-string fields Υ ↔ Υ.

Space-time supersymmetry. Space-time supersymmetry should provide a helpful guideline in finding a precise dictionary. Expanded around the quadratic maximum of its bosonic potential, the model (2.4) has many symmetries; indeed the small bosonic and fermionic fluctuations are decoupled. It is not difficult to find fermionic operators which behave as in (3.5). The more mysterious question is how to describe the matrix model supersymmetry in the target space of the string theory.

D-brane decay. It should be possible to generalize the analysis of [1, 3, 4] to study the decay of a single unstable D-brane. This will presumably involve a superfield version of the fermion operator that creates and destroys the super-eigenvalues, and a superfield bosonization formula along the lines of [48]. This analysis would allow an independent determination of the compactification radius of the axion, along the lines of [3, 8], confirming that χ is periodic at the free fermion radius.

Acknowledgments

J.M. would like to thank Davide Gaiotto, Emil Martinec, Leonardo Rastelli and Erik Verlinde for conversations, and Dan Brace for discussions of supermultiplets of D-branes. S.M. would like to thank Chris Beasley, Michal Fabinger, Mukund Rangamani, Natalia Saulina and Nathan Seiberg for useful conversations. The work of J.M. is supported by a Princeton University Dicke Fellowship. This work is supported by the National Science Foundation under Grant No. 98-02484. Any opinions, findings, and conclusions or recommendations expressed in this material are those of the authors and do not necessarily reflect the views of the National Science Foundation.

– 9 –

A. The gauged Marinari-Parisi model In this appendix, we describe two ways of introducing an auxiliary gauge field for the supersymmetric matrix model. We show that the second method is equivalent to the eigenvalue reduction of the MP model given in [12].

Gauged model, version I. The conventional method of gauging a supersymmetric action is to introduce a real matrix superfield V, and replace the superderivatives in (2.2) with gauge-covariant superderivatives of the form

D_V Φ = e^{adV} D(e^{−adV} Φ) , D = ∂_θ + θ∂_τ (A.1) D_V Φ = e^{adV} D_θ(e^{−adV} Φ) , D = ∂_θ + θ∂_τ . (A.2)

These derivatives are designed to be covariant under local gauge transformations

Φ → e^{adΛ} Φ , V → V + Λ , (A.3)

where Λ is an arbitrary real superfield. We can thus choose the gauge V = 0. The presence of the gauge field still manifests itself, however, by means of the requirement that physical states must be annihilated by the generator of infinitesimal bosonic gauge rotations Φ → U^†ΦU. This invariance can be used to diagonalize, say, the bosonic component ϕ of the matrix superfield. The off-diagonal fermionic matrix elements, however, remain as physical degrees of freedom.

Gauged model, version II. A second possible procedure is to introduce a complex superfield A and define superderivatives

D_A Φ = DΦ − [A, Φ] , D_A Φ = DΦ − [A, Φ] (A.4)

covariant under local gauge transformations

Φ → e^{adΛ} Φ , A → A + DΛ , A → A + DΛ (A.5)

with Λ an arbitrary real matrix superfield. In this case, the gauge invariance is not sufficient to choose a gauge in which A and A are set equal to zero. However, since A and A appear as non-dynamical fields, we can eliminate them via their equations of motion

G ≡ [Φ, Π] = 0 , Π ≡ D_A Φ . (A.6)

We will impose the physical state conditions in the weak form

G |Ψ_{phys}⟩ = 0 . (A.7)

The space of solutions to this constraint is characterized as follows. Let U be the bosonic unitary matrix that diagonalizes the bosonic component ϕ of the matrix superfield. We can then define ( UΦU^† ) kk = z_k + θ ψ_k + ψ^†_k θ + θθf_k . (A.8)

– 10 –

Here the z_k are the eigenvalues of ϕ. A straightforward calculations shows that the gauge invariance conditions is solved by physical states that depend on z_k and ψ_k only. Since the physical state constraint (A.6) is a supermultiplet of constraints, this guarantees that this subspace forms a consistent supersymmetric truncation of the full matrix model. One can also verify directly that it is invariant under supersymmetry transformations. After absorbing a factor of Δ = ∏ i<j(z_i − z_j ) into our wave functions

Ψ(z, ψ) = Δ(z)Ψ̃(z, ψ) (A.9)

the supersymmetry generators take the form (4.3).

It is convenient to think of the system of eigenvalues as N particles moving in one dimension, each with an internal spin^1_2 degree of freedom, a spin “up” or “down.” Accordingly, we can define the Hilbert space on which the fermionic eigenvalues act by ψ_i| ↓↓ · · · ↓⟩ = 0 , ∀i ; ψ^†_i | ↓↓ · · · ↓⟩ ≡ | ↓ · · · ↓ i−1 ↑↓ · · · ↓⟩ ; etc. (A.10)

A general state in the physical Hilbert space is then |f_η⟩ = ∑ η f_η(z)|⃗η⟩ , (A.11)

where η is a vector of N up or down arrows, and we have arranged the eigenvalues in a vector z. Since it is possible via U(N)-rotations to interchange any eigenvalue superfield (z_i, ψ_i) with any other eigenvalue superfield (z_j , ψ_j ), the matrix wavefunctions should be symmetric under this exchange operation.

However, since our wave-functions depend on anti-commuting variables, the model will inevitably contain bosonic as well as fermionic sectors. Let us now define a a fermionic interchange operation κ_{ij} with the property that it interchanges the i and j spin state, and also multiplies the overall wavefunction by a minus sign in case both spins point in the up-direction. This minus sign reflects the Fermi statistics of ψ_i and ψ_j. Define the total exchange operation as the product of the bosonic and fermionic one K_{ij} = K_{ij} κ_{ij} where K_{ij} interchanges z_i and z_j . We now specify the overall statistics of the physical wavefunctions by means of the requirement that

K_{ij} |Ψ̃_{phys}⟩ = −|Ψ̃_{phys}⟩ for all i, j . (A.12)

The minus sign on the right-hand side ensures that the original wavefunction, before splitting off the Vandermonde determinant (see eqn. (A.9)), is completely symmetric. The condition (A.12) implies that particles with spin “up” are fermions, while particles with spin “down” are bosons. We can call this the spin-statistics theorem for our model.

B. Boundary states for N = 2 Liouville

In this appendix, we will attempt to write down the boundary state for the unstable D-particle of type IIB in the N = 2 Liouville background. In doing this, we will take advantage of the worldsheet N = 2 supersymmetry by expanding the boundary state in Ishibashi states which respect the N = 2. In order to write the Ishibashi states, we will need to recall some facts about the primaries on which they are built, and their characters.

– 11 –

Characters of the N = 2 superconformal algebra. The chiral N = 2 characters are defined by χ_V (q, y) = Tr_V q^{L0−c/24}y^{J0} . (B.1)

The trace is over an N = 2 module V . These representations are built on primary states labelled by the eigenvalues h, ω of the central zeromodes L_0, J_0. It will be convenient to label our primary states by P and ω, related to the conformal dimension by h = (Q^2/4 + P^2 + ω^2)/2 = (1 + P^2 + ω^2)/2. The Liouville momentum P^4 is determined by this equation up to choice of branch, both of which have the same character.

These characters were written down in [49]. For the module associated with a generic NS primary, labelled by [P, ω], the character is χ^{NS}_{[P,ω]}(q, y) = q^{P 2/2+ω2/2} y^ω ϑ_{00}(q, y) η^3(q)

. (B.2)

In the R-sector, a primary is also annihilated by G^+_0 or G^−_0 , and this results in an extra label σ = ± on the character. For the primary with labels P, ω, σ, the character is (let y ≡ e^{2πiν} ) χ^R_{[P,ω,σ]}(q, y) = 2 cos πν q^{P 2/2+ω2 /2} y^{ω+ σ2} ϑ_{1,0}(q, y) η^3(q)

. (B.3)

We will also need the character for the identity representation

χ^{NS}_1 (q, y) = q^{−1} 1 − q (1 + yq^{1/2})(1 + y^{−1}q^{1/2}) ϑ_{0,0}(q, y) η^3(q)

. (B.4)

Modular properties of the characters. The modular transformation properties of the chiral characters of the N = 2 algebra will be crucial for our study of D-branes in N = 2 superLiouville. We use the notation q̃ = e^{2πiτ} , ỹ = e^{2πiν} for closed string modular variables, and q = e^{−2πi/τ} , y = e^{πiν/τ} for their open string transforms. The characters participate in the following formulas [50, 51]. ∫_∞ −∞ dP̃ dω̃S(p̃, ω̃) χ^{NS}_{[p̃,ω̃]}(q̃, ỹ) = χ^{NS}_1 (q, y) (B.5) ∫_∞ −∞ dP̃ dω̃S(p̃, ω̃)χ^{NS}_{[p̃,ω̃]}(q̃, −ỹ) ≡ χ^R_1 (q, y) (B.6) S(p̃, ω̃) = sinh^2 πp̃ 2 cosh(πp/2 + iπω/2) cosh(πp/2 − iπω/2) . (B.7)

Note that these formulas (B.5)–(B.7) are relevant for the case that R-charge is not quantized, on which we focus for simplicity in our study of boundary states. The refinement of these formulas to the case of compact euclidean time follows from (B.5)–(B.6) by Fourier decomposition. Further, these formulas arise by performing a formal sum; a careful treatment of convergence issues reveals additional contributions from discrete states [51].

4Here we are defining Liouville momentum as P appearing in the wavefunction e^{−(Q/2+iP )ρ}.

– 12 –

Ishibashi states for N = 2. Using this notation for representations of the N = 2 algebra, let us now study Ishibashi states based on these representations.^5 Such states [55] provide a basis for D-brane states which respect the N = 2 algebra. They carry two kinds of labels: those which specify the primary of the chiral algebra on which the state is built; and those which specify the automorphism of the chiral algebra which was used to glue the left and right chiral algebras. In our notation, we will separate these labels by a semicolon. Only automorphisms of the N = 2 which preserve the gauged N = 1 subalgebra are allowed.

There is a Z_2 automorphism group of the N = 1 subalgebra (G = G^+ + G^−) G → ηG (B.8) with η = ±1. There is an additional Z_2 automorphism of the N = 2 algebra, which commutes with (B.8), and which is generated by G^± → G^{±ξ}, J → −ξJ with ξ = ± [52] (the trivial map, ξ = +1 is B-type, the nontrivial map ξ = −1 is A-type).

Let j label the N = 2 primaries; it is a multi-index with three components: j = h, n, NS R+ R− .

(Recall that an R primary is further specified by whether it is annihilated by G^+_0 or G^−_0 .) An A-type Ishibashi state satisfies (L_n − L̃_n)|j; A, η⟩⟩ , (G^±_r − iηG̃^∓_r )|j; A, η⟩⟩ = 0 , (J_n − J̃_n)|j; A, η⟩⟩ , (B.9) where r is half-integer moded if |j⟩ is an NS primary, and integer moded if |j⟩ is from an R sector.

In order to make type II D-branes from these states, we will need to know the action of the fermion number operators on them. In the NS sector [34], (−1)^F |j, NS; ξ, η⟩⟩ = −|j, NS; ξ, −η⟩⟩ = (−1)^{F̃} |j, NS; ξ, η⟩⟩ . (B.10) Note that the existence of the state with one value of η plus the conserved chiral fermion number implies the existence of the other. In the R sector, the action is more subtle because of the fermion zero modes. Since unstable branes may be built without using RR Ishibashi states, we will not discuss them further.

Next we need to know the matrix of inner products between these states. The inner product is defined by closed-string propagation between the two ends of a cylinder:

⟨⟨j_1; ξ_1η_1|D(q̃, ỹ)|j_2; ξ_2η_2⟩⟩ = δ(j_1, j_2)δ_{ξ1,ξ2} χ_{j1} (q̃, η_1η_2ỹ) , (B.11)

where D(q̃, ỹ) is the closed-string propagator, twisted by the R-current. The delta-function on primaries is obtained from the overlap of closed-string states:

δ(j_1, j_2) ≡ ( ⟨j_1| ⊗ ⟨j̃_1| ) |j_2⟩ ⊗ |j̃_2⟩ . (B.12)

5Useful references include [34] and [52]–[54].

– 13 –

The D0 boundary state. We would now like to describe the boundary state for the unstable D-particle. Since it is extended in the R-symmetry direction, it should be a Btype brane. To construct consistent boundary states for N = 2 Liouville, we will follow the strategy which was successful for bosonic Liouville [56]–[58], and for N = 1 Liouville [59, 60]. Basically, the consistent boundary states are Cardy states [58]; their wavefunctions can be written in terms of the modular matrix U_j (i) = S^i_j / √ S^i_0 [61]. To be more precise, suppose, as in [56], that we can expand the desired boundary state in Ishibashi states for the non-degenerate (NS) representations of the N = 2 algebra: |B_0, η⟩ = ∫_∞ −∞ dω ∫_∞ −∞ dP U^η(P, ω) |P, ω, NS; B, η⟩⟩ . (B.13) In writing an integral over ω in (B.13), we are focusing on the case when the time direction is infinite in extent. To build non-BPS type II branes from these boundary states, GSO-invariance requires U(P, ω) = U^+(P, ω) = −U^−(P, ω) according to (B.10). We will therefore write |D̂0⟩ = |B_0, η = +1⟩⟩ − |B_0, η = −1⟩⟩. (B.14) Next, we make the self-consistent assumption that the bosonic open-string spectrum should contain only states with Liouville momentum P = −i corresponding to the identity state. Given (B.5) a solution to this requirement is [50, 51] U(P, ω) = √ 2 · e^{iδ(P,ω)} · sinh πP cosh(πp/2 + iπω/2) . (B.15)

The phase e^{iδ(P,ω)} is not actually determined by the modular hypothesis. As we will verify next, the D-brane with this wavefunction (B.15) indeed has only the identity representation in its bosonic open-string spectrum.

Open string spectrum. The vacuum annulus amplitude between the boundary state and itself, A(q) = ⟨D̂0|D(q̃)|D̂0⟩ , (B.16) determines the open string spectrum by channel duality. In this expresseion, D(q̃) is the closed-string propagator, on a tube of length τ = ln q̃/2πi. Given the expression (B.13), it takes the form A(q) = ∫_∞ −∞ dP dω Û(P, r) Û^†(P, ω) ∑ η_1 η_2

η_1η_2 χ^{NS}_{[P,ω]}(q̃, η_1η_2) χ^{NS}_{gh} (q, η_1, η_2) . (B.17)

Note that there are two sets of terms which are identical. This reflects the fact that unstable branes are √ 2 times heavier than BPS D-branes.

Using the modular transformation formulas above, and the wavefunction (B.15), in the open-string channel this reads

A(q) = 2 ( χ^{NS}_1 (q, 1) χ^{NS}_{gh} (q, 1) + χ^R_1 (q, 1) χ^R_{gh}(q, 1) ) . (B.18)

– 14 –

As usual for two-dimensional strings, the contribution from the N = 2 bcβγ ghost system cancels all of the modular functions from each term, and we find Z ≡ ∫ dt 2t Tr q^{Hopen} = ∫ dt 2t [( q^{−1/2} − 2 + · · · ) − (1 + · · ·) ] (B.19)

with q ≡ e^{−πt}. Deducing the mass of the states propagating in the open string loop is subtle because the time direction participates in the N = 2 algebra, and the analytic continuation needs to be understood better. We can however understand the spectrum by looking at the large-t behaviour of the amplitude. The first term in brackets is the contribution of the NS sector. The two contributions indicated give rise to divergences and represent a tachyon Y , and a complex massless discrete state, respectively. This is similar to the case of the unstable D-particle in the bosonic c = 1 string^6 (q.v. the lovely [3, appendix B]) and in the ĉ = 1 type 0B string [7, 8].

The second term in brackets is the contribution of the R sector, which produces the fermions which were absent in the above examples. The term indicated represents a massless complex fermion ψ.

This is the spectrum of the gauged Marinari-Parisi model (2.2) on a circle. The appearance of non-quantized energies at intermediate stages can be remedied [51] by employing characters of the N = 2 algebra extended by the spectral flow generators.

For the instanton-anti-instanton pair, the only difference is that we use A-type Ishibashi states, which describe branes which are localized in the R-symmetry direction. The spectrum of the BPS D-instanton is obtained from this by an open-string GSO projection, and therefore has half as many fermion zeromodes, namely one.

Clearly we have merely begun to study the interesting zoology of D-branes in this system. Further development appears in [50, 51].

References

[1] J. McGreevy and H. Verlinde, Strings from tachyons: the c = 1 matrix reloaded, J. High Energy Phys. 12 (2003) 054 [hep-th/0304224].

[2] E.J. Martinec, The annular report on non-critical string theory, hep-th/0305148.

[3] I.R. Klebanov, J. Maldacena and N. Seiberg, D-brane decay in two-dimensional string theory, J. High Energy Phys. 07 (2003) 045 [hep-th/0305159].

[4] J. McGreevy, J. Teschner and H. Verlinde, Classical and quantum D-branes in 2D string theory, J. High Energy Phys. 01 (2004) 039 [hep-th/0305194].

[5] S.Y. Alexandrov, V.A. Kazakov and D. Kutasov, Non-perturbative effects in matrix models and D-branes, J. High Energy Phys. 09 (2003) 057 [hep-th/0306177].

[6] D. Gaiotto, N. Itzhaki and L. Rastelli, On the BCFT description of holes in the c = 1 matrix model, Phys. Lett. B 575 (2003) 111 [hep-th/0307221].

[7] T. Takayanagi and N. Toumbas, A matrix model dual of type 0B string theory in two dimensions, J. High Energy Phys. 07 (2003) 064 [hep-th/0307083].

6Upon multiplying α^′ by 2.

– 15 –

[8] M.R. Douglas et al., A new hat for the c = 1 matrix model, hep-th/0307195.

[9] E. Marinari and G. Parisi, The supersymmetric one-dimensional string, Phys. Lett. B 240 (1990) 375.

[10] J. Greensite and M. B. Halpern, Stabilizing bottomless action theories, Nucl. Phys. B 242 (1984) 167.

[11] A. Mikovic and W. Siegel, Random superstrings, Phys. Lett. B 240 (1990) 363.

[12] A. Dabholkar, Fermions and nonperturbative supersymmetry breaking in the one-dimensional superstring, Nucl. Phys. B 368 (1992) 293.

[13] J.D. Cohn and H. Dykstra, The Marinari-Parisi model and collective field theory, Mod. Phys.

Lett. A 7 (1992) 1163 [hep-th/9202050].

[14] A.J. van Tonder, A continuum description of supercalogero models, hep-th/9204034.

[15] J.P. Rodrigues and A.J. van Tonder, Marinari-Parisi and supersymmetric collective field theory, Int. J. Mod. Phys. A 8 (1993) 2517 [hep-th/9204061].

[16] M. Karliner and S. Migdal, Nonperturbative 2D quantum gravity via supersymmetric string, Mod. Phys. Lett. A 5 (1990) 2565.

[17] J. Gonzalez, A new vacuum for the supersymmetric one-dimensional discretized string, Phys.

Lett. B 255 (1991) 367;

S. Bellucci, T. R. Govindrajan, A. Kumar and R. N. Oerter, On the nonperturbative solution of D = 1 superstring, Phys. Lett. B 249 (1990) 49;

S. Bellucci, Duality transformation of the one-dimensional supersymmetric string, Phys. Lett. B 257 (1991) 35; Broken supersymmetry in the matrix model on a circle, Z. Physik C 54 (1992) 565.

[18] G. Ferretti, The untruncated Marinari-Parisi superstring, J. Math. Phys. 35 (1994) 4469 [hep-th/9310002].

[19] R. Brustein, M. Faux and B.A. Ovrut, Effective D = 2 supersymmetric lagrangians from D = 1 supermatrix models, Nucl. Phys. B 421 (1994) 293 [hep-th/9310033]; Supersymmetric field theory from supermatrix models, hep-th/9407164.

[20] J. Feinberg, Dissipation of the string embedding dimension in the singlet sector of a matrix model at large α^′, Nucl. Phys. B 405 (1993) 389 [hep-th/9304059]; Stabilized matrix models for nonperturbative two-dimensional quantum gravity, Int. J. Mod. Phys. A 9 (1994) 3751 [hep-th/9212069]; String field theory for d ≤ 0 matrix models via Marinari-Parisi, Phys. Lett. B 281 (1992) 225 [hep-th/9201037].

[21] E. Brezin, C. Itzykson, G. Parisi and J.B. Zuber, Planar diagrams, Commun. Math. Phys. 59 (1978) 35.

[22] S. Chaudhuri and J. Polchinski, Critical behavior of the Marinari-Parisi model, Phys. Lett. B 339 (1994) 309 [hep-th/9408005].

[23] D. Kutasov and N. Seiberg, Noncritical superstrings, Phys. Lett. B 251 (1990) 67.

[24] E.A. Ivanov and S.O. Krivonos, U(1) Supersymmetric extension of the Liouville equation, Lett. Math. Phys. 7 (1983) 523.

[25] S. Murthy, Notes on non-critical superstrings in various dimensions, J. High Energy Phys.

11 (2003) 056 [hep-th/0305197].

– 16 –

[26] V.A. Fateev, A.B. Zamolodchikov and Al.B. Zamolodchikov, unpublished;

A. Giveon and D. Kutasov, Little string theory in a double scaling limit, J. High Energy Phys. 10 (1999) 034 [hep-th/9909110];

K. Hori and A. Kapustin, Duality of the fermionic 2D black hole and N = 2 Liouville theory as mirror symmetry, J. High Energy Phys. 08 (2001) 045, [hep-th/0104202]; D. Tong, Mirror mirror on the wall: on two-dimensional black holes and Liouville theory, J. High Energy Phys. 04 (2003) 031, [arXiv:hep-th/0303151].

[27] E. Witten, String theory and black holes, Phys. Rev. D 44 (1991) 314;

G. Mandal, A.M. Sengupta and S.R. Wadia, Classical solutions of two-dimensional string theory, Mod. Phys. Lett. A 6 (1991) 1685;

S. Elitzur, A. Forge and E. Rabinovici, Some global aspects of string compactifications, Mod. Phys. Lett. A 6 (1991) 1685.

[28] J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995) 4724 [hep-th/9510017].

[29] A. Maloney, A. Strominger and X. Yin, S-brane thermodynamics, J. High Energy Phys. 10 (2003) 048 [hep-th/0302146].

[30] N. Berkovits, S. Gukov and B.C. Vallilo, Superstrings in 2D backgrounds with RR flux and new extremal black holes, Nucl. Phys. B 614 (2001) 195 [hep-th/0107140].

[31] O. Bergman and M.R. Gaberdiel, Stable non-BPS D-particles, Phys. Lett. B 441 (1998) 133 [hep-th/9806155].

[32] A. Sen, Stable non-BPS bound states of BPS D-branes, J. High Energy Phys. 08 (1998) 010 [hep-th/9805019]; SO(32) spinors of type-I and other solitons on brane-antibrane pair, J. High Energy Phys. 09 (1998) 023 [hep-th/9808141]; Type I D-particle and its interactions, J. High Energy Phys. 10 (1998) 021 [hep-th/9809111].

[33] A. Sen, Non-BPS states and branes in string theory, hep-th/9904207. [34] M.R. Gaberdiel, Lectures on non-BPS Dirichlet branes, Class. and Quant. Grav. 17 (2000) 3483 [hep-th/0005029].

[35] J.A. Harvey, P. Hořava and P. Kraus, D-sphalerons and the topology of string configuration space, J. High Energy Phys. 03 (2000) 021 [hep-th/0001143].

[36] E. Witten, Constraints on supersymmetry breaking, Nucl. Phys. B 202 (1982) 253. [37] J.P. Rodrigues and A.J. van Tonder, Marinari-Parisi and supersymmetric collective field theory, Int. J. Mod. Phys. A 8 (1993) 2517 [hep-th/9204061];

R. de Mello Koch and J.P. Rodrigues, The collective field theory of a singular supersymmetric matrix model, Phys. Rev. D 51 (1995) 5847 [hep-th/9410012].

[38] D.Z. Freedman and P.F. Mende, An exactly solvable n particle system in supersymmetric quantum mechanics, Nucl. Phys. B 344 (1990) 317;

L. Brink, T.H. Hansson, S. Konstein and M.A. Vasiliev, The Calogero model: anyonic representation, fermionic extension and supersymmetry, Nucl. Phys. B 401 (1993) 591 [hep-th/9302023].

[39] P. Desrosiers, L. Lapointe and P. Mathieu, Supersymmetric Calogero-Moser-Sutherland models: superintegrability structure and eigenfunctions, hep-th/0210190; Generalized hermite polynomials in superspace as eigenfunctions of the supersymmetric rational CMS model, Nucl. Phys. B 674 (2003) 615 [hep-th/0305038]; Jack polynomials in superspace, Commun. Math. Phys. 242 (2003) 331 [hep-th/0209074].

– 17 –

[40] A.P. Polychronakos, Generalized statistics in one dimension, hep-th/9902157.

[41] E. Witten, D-branes and K-theory, J. High Energy Phys. 12 (1998) 019 [hep-th/9810188];

P. Hořava, Type IIA D-branes, K-theory and matrix theory, Adv. Theor. Math. Phys. 2 (1999) 1373 [hep-th/9812135].

[42] M. Billo, B. Craps and F. Roose, Ramond-Ramond couplings of non-BPS D-branes, J. High Energy Phys. 06 (1999) 033 [hep-th/9905157].

[43] C. Kennedy and A. Wilkins, Ramond-Ramond couplings on brane-antibrane systems, Phys.

Lett. B 464 (1999) 206 [hep-th/9905195].

[44] A. Sen, Dirac-Born-Infeld action on the tachyon kink and vortex, Phys. Rev. D 68 (2003) 066008 [hep-th/0303057];

K. Okuyama, Wess-Zumino term in tachyon effective action, J. High Energy Phys. 05 (2003) 005 [hep-th/0304108].

[45] S.H. Shenker, The strength of nonperturbative effects in string theory, RU-90-47, presented at the Cargese workshop on random surfaces, quantum gravity and strings, Cargese, France, May 28–Jun 1, 1990.

[46] S.R. Das and A. Jevicki, String field theory and physical interpretation of D = 1 strings, Mod. Phys. Lett. A 5 (1990) 1639.

[47] A. Jevicki and J.P. Rodrigues, Supersymmetric collective field theory, Phys. Lett. B 268 (1991) 53.

[48] E.J. Martinec and G.M. Sotkov, Superghosts revisited: supersymmetric bosonization, Phys.

Lett. B 208 (1988) 249.

[49] W. Boucher, D. Friedan and A. Kent, Determinant formulae and unitarity for the N = 2 superconformal algebras in two-dimensions or exact results on string compactification, Phys. Lett. B 172 (1986) 316.

[50] C. Ahn, M. Stanishkov and M. Yamamoto, One-point functions of N = 2 super-Liouville theory with boundary, Nucl. Phys. B 683 (2004) 177 [hep-th/0311169].

[51] T. Eguchi and Y. Sugawara, Modular bootstrap for boundary N = 2 Liouville theory, J. High Energy Phys. 01 (2004) 025 [hep-th/0311141].

[52] H. Ooguri, Y. Oz and Z. Yin, D-branes on Calabi-Yau spaces and their mirrors, Nucl. Phys.

B 477 (1996) 407 [hep-th/9606112].

[53] D. Gepner, Space-time supersymmetry in compactified string theory and superconformal models, Nucl. Phys. B 296 (1988) 757;

A. Recknagel and V. Schomerus, D-branes in Gepner models, Nucl. Phys. B 531 (1998) 185 [hep-th/9712186];

I. Brunner, M.R. Douglas, A.E. Lawrence and C. Romelsberger, D-branes on the quintic, J. High Energy Phys. 08 (2000) 015, [hep-th/9906200];

R.I. Nepomechie, Consistent superconformal boundary states, J. Phys. A 34 (2001) 6509 [hep-th/0102010];

M.R. Gaberdiel and A. Recknagel, Conformal boundary states for free bosons and fermions, J. High Energy Phys. 11 (2001) 016 [hep-th/0108238].

[54] A. Sen, Stable non-BPS bound states of BPS D-branes, J. High Energy Phys. 08 (1998) 010 [hep-th/9805019].

– 18 –

[55] N. Ishibashi, The boundary and crosscap states in conformal field theories, Mod. Phys. Lett.

A 4 (1999) 251.

[56] A.B. Zamolodchikov and A.B. Zamolodchikov, Liouville field theory on a pseudosphere,

hep-th/0101152.

[57] V. Fateev, A.B. Zamolodchikov and A.B. Zamolodchikov, Boundary Liouville field theory, I.

Boundary state and boundary two-point function, hep-th/0001012. [58] J. Teschner, Remarks on Liouville theory with boundary, hep-th/0009138. [59] C. Ahn, C. Rim and M. Stanishkov, Exact one-point function of N = 1 super-Liouville theory with boundary, Nucl. Phys. B 636 (2002) 497 [hep-th/0202043].

[60] T. Fukuda and K. Hosomichi, Super Liouville theory with boundary, Nucl. Phys. B 635 (2002) 215 [hep-th/0202032].

[61] J.L. Cardy, Boundary conditions, fusion rules and the Verlinde formula, Nucl. Phys. B 324 (1989) 581.

[62] J.L. Karczmarek, H. Liu, J. Maldacena and A. Strominger, UV finite brane decay, J. High Energy Phys. 11 (2003) 042 [hep-th/0306132].

– 19 –